Abstract: A finite-element method ͑FEM͒ is used to simulate water wave propagation with large angle incidence at exterior boundaries. In this paper, the radiation boundary condition is expanded to a second-order approximation and a quadratic shape function is used in the FEM wave model. Cases used for verifications include wave scattering around a vertical cylinder and wave propagation over a submerged circular shoal with concentric contours. Numerical calculations based on this second-order radiation boundary condition are found to be in good agreement with theoretical and experimental results available. The numerical predictions show that this model has made a very good improvement over the first-order radiation boundary conditions for oblique wave incidence in coastal engineering.
Introduction
For coastal engineering problems such as a beach nourishment project or a countermeasure of beach erosion control, it is desirable to get the information of wave conditions in the region of interest. The wave data are normally collected offshore and it is necessary to transfer these wave data on wave heights and wave propagation directions to the nearshore region. In recent years, many numerical wave models have been developed to calculate the combined wave transformations, resulting from wave refraction, diffraction, reflection, and shoaling. These models usually encountered two problems: the treatment of irregular boundary grids and large oblique wave incidence at the exterior boundary. Finite difference method ͑FDM͒ was one of the popular numerical techniques. Not only can its orthogonal rectangular meshes hardly match the irregular boundaries, but also the use of rough boundary grid near a structure reduces the accuracy of the local wave field near the boundaries. Recent development of the finiteelement method ͑FEM͒ is advantageous over the FDM in handling the complicated boundaries. The grid treatment for the FEM is more flexible than that in the FDM.
Earlier FEM for water wave propagation with oblique incidence generally employed the standard radiation boundary condition, which assumes scattered waves leave the domain in a direction perpendicular to the open boundaries at a far distance.
However, the open boundaries are chosen artificially for convenience of numerical computations and usually are not very far from scatters due to concerns of numerical efficiency. Furthermore, variation in depth and existence of coastal structures near the boundaries affects wave direction, most scattered waves do not always leave the open boundaries as assumed. Recently, several techniques have been proposed to handle this problem. Berkhoff ͑1972͒ solved the elliptic mild-slope equation using the FEM and boundary integral techniques. Chen and Mei ͑1974͒ developed a hybrid finite-element model ͑HFEM͒, upon separating the computational domain into two regions, in which the interior was covered by a finite element grid, while the exterior of constant depth was modeled by analytical forms. Adopting the idea of a hybrid method, Bettess and Zienkiewicz ͑1977͒ suggested a new HFEM model using an infinite-element method in the exterior region. Instead of the analytical expansions of scattered waves in the exterior field, Chen and Tsay ͑1990͒ proposed a local radiation boundary condition to describe the scattered waves at the open boundary in the interior region.
The differences resulting from using the standard and local radiation boundary conditions were studied by simulating waves scattering around a circular island. The numerical wave models mentioned above require special treatment for the open boundaries with analytical forms or other numerical techniques, together with artificial boundaries in the form of a circle or semicircle. Constant depth is usually required beyond the exterior boundary. In reality, the water depths outside the exterior boundary in computational domain are hardly constant. Furthermore, the propagation direction of scattered waves is not always normal to the artificial boundaries. To overcome this problem, Panchang ͑2000͒ developed a technique that was based on a onedimensional representation to better simulate the effects of the exterior bathymetry. The results of the one-dimensional model were then interfaced along the open boundary of a twodimensional finite-element harbor wave model.
On the other hand, a radiation boundary condition ͑RBC͒ is specified such that there is no change of the velocity potential when a wave train crosses the boundary. Booij ͑1981͒ developed a numerical model, based on the original parabolic equation of Radder ͑1979͒ to handle the approximate boundary with variable water depth and large wave incidence angles at the open boundaries. Dingemans ͑1983͒ made use of the first-order Padé approximation for the radiation boundary condition, thus extending the angle of wave incidence to 56.5°. With a second-order Padé approximation, Kirby ͑1986͒ improved the applicability of the model to a large angle around 70°. Later, Dalrymple and Kirby ͑1988͒ developed a wave propagation model valid for incidence wave angles up to 90°, based on the assumption that the bottom contours were straight and parallel in a direction normal to the assumed direction of propagation. Additionally, Dalrymple et al. ͑1989͒ developed a ''wide-angle'' wave model for irregular bathymetry by a spectral Fourier method separating the contribution from component waves. Hsu et al. ͑1998͒ developed a FEM by adopting a binomial approximate to third order for the radiation boundary condition. The linear shape function used in their model was not suitable for differential terms in the second-and the third-order radiation boundary condition. Despite the shortcoming to improve its applicability for large wave incidence, Hsu's FEM model was helpful in treatment for open boundary.
In addition to coastal engineering, there are a large volume of existing papers dealing with the subject of RBC in computational physics, fluid dynamics, and applied mathematics. Givoli ͑1991͒ reviewed corresponding researches on the use of nonreflecting boundary conditions in wave problems. He also discussed boundary conditions, which are nonlocal in space, in time or both, and addressed some near future research directions in RBC problems. Givoli and Keller ͑1994͒ developed special two-dimensional finite elements for use near a boundary or an interface ‫ץ‬A. The construction of the elements guarantees high-order (C N ) regularity along ‫ץ‬A and C 0 regularity elsewhere. Their improvement shows that all the elements in the hierarchy are proved to be fully conforming. Tsynokov ͑1998͒ proposed an approach which can obtain highly accurate RBC in the form of certain nonlocal boundary operator equations. The new boundary conditions are geometrically universal, numerically inexpensive, and easy to implement along with the existing solvers. Hagstrom ͑1999͒ addressed a theory of exact boundary conditions for constant coefficient time-dependent problems. The calculation shows that the constant coefficient equations of wave theory on unbounded domains with sufficiently simple tails can be accurately solved at the same cost as solving a standard problem on the unbounded subdomain of interest. These achievements in different fields provide many new numerical ideas and techniques to treat the RBC problems. However, the conventional techniques for the RBC problems are still applied in the existing water wave models.
In this study, a finite-element wave model without the precondition of a special open boundary grid is presented. The radiation boundary condition is expanded to a second-order approximation using a quadratic shape function. This reduces unnecessary reflective waves numerically in the computational domain induced by inappropriate boundary condition. With this improvement, the proposed FEM offers satisfactory result of wave height distribution, subject to very large wave incidence at the open boundary. Numerical results for wave scattering around a vertical cylinder, and waves propagation over a submerged circular shoal are studied for verifications. The accuracy of present model is tested against available experimental, analytical and numerical results for waves with different large incident angles.
Mathematical Formulation
General geometry and regions of computation in this study are shown in Fig. 1 , including the open boundaries ͑Curves AGF and CD͒, shoreline ͑Curves ABC, DEF͒, and structure boundaries ͑Curves H͒. The computational domain ⍀ is surrounded by dashes. Cartesian coordinate system (x,y) is used, and the local coordinate system (n,s) is adopted on boundaries in which n and s, respectively, denote the normal and tangential direction. Counterclockwise rule is obeyed on the outer boundary of the domain to be solved and opposite rule observed on the internal boundary ͑Curve H͒.
Considering wave propagation over slowly varying water depths, Berkhoff ͑1972͒ derived a two-dimensional mild-slope equation in the form
( 1) where ٌϭ(‫ץ/ץ‬x,‫ץ/ץ‬y)ϭhorizontal gradient operator; ϭfree-surface displacement in a complex form; Cϭwave celerity; C g ϭgroup velocity; and kϭwave number. Eq. ͑1͒ is of elliptic type. Wave transformations such as wave shoaling, refraction, diffraction, and reflection can be obtained by solving Eq. ͑1͒ with suitable boundary conditions. There are four types of boundaries in the simulation of wave transformation: full reflection, partial reflection, absorbing boundary, and radiation boundary. The radiation boundary condition is similar to the full absorption boundary condition, which allows specific wave trains transmitted through the boundary without any reflection. The former condition is referred to scattered waves while the latter is applied to total waves. A partial absorption boundary condition modified by radiation boundary condition is introduced by Behrendt ͑1985͒, giving
where rϭn cos ϩs sin ϭcourse of wave propagation, in which is the approaching wave angle at the boundary ͑see Fig. 2͒ ; ␣ ϭabsorption coefficient defined as (1ϪR)/(1ϩR); and R ϭreflection coefficient. When ␣ϭ0 and ␣ϭ1, the above boundary condition represents full reflection and full passing through boundary conditions, respectively. If 0Ͻ␣Ͻ1, Eq. ͑2͒ becomes the partial-reflection boundary condition. Any free-surface displacement of chronometric wave component , with unit amplitude on the boundary can be assumed as
in which (ϭ2/T)ϭwave radian frequency; Tϭwave period; and k n ϭk cos and k s ϭk sin ϭlocal wave number components in the n and s direction, respectively. Substituting Eq. ͑3͒ into Eq. ͑2͒, the partial reflection boundary condition on ‫ץ‬A n ϩ for total wave components becomes
where k n ϭk cos ϭkͱ1Ϫsin
Using a binomial expansion method, the right-hand-side term in Eq. ͑5͒ can be expanded as
If the approaching wave trains pass through the exterior boundary in the n direction almost perpendicular to the boundary ‫ץ‬A, i.e., sin ϭk s /kϭ0, Eq. ͑6͒ becomes almost unity and Eq. ͑4͒ is reduced to
which is the partial reflection boundary condition to the first order. Note that, in the traditional wave models of Berkhoff ͑1972͒, Chen and Mei ͑1974͒, Bettess and Zienkiewicz ͑1977͒, and Tsay and Liu ͑1983͒, the radiation boundary condition is adopted by Eq. ͑7͒ with ␣ϭ1 for the scattered waves. In this study, Eq. ͑6͒ is approximated up to the first two terms. Substituting the relationship of ‫ץ‬ 2 /‫ץ‬s 2 ϭϪk s 2 from Eq. ͑3͒, the partial reflection boundary condition for total waves to a secondorder can be expressed as
when the radiation boundary condition is used at the driving boundaries where incident wave i is specified. Free-surface dis- placement of total waves on given boundaries is equal to i ϩ s . The outgoing scattered waves s should propagate across this boundary and remain unaffected, which means s also satisfies the radiation boundary condition in a second-order form
The traditional radiation boundary condition can be easily obtained by approximating Eq. ͑9͒ to the first order. Thus the absorbing boundary conditions for scattered waves to the first and second order, respectively, can be written as
A general type of radiation boundary conditions to the first and second order for any arbitrarily chosen open boundaries is introduced in this study and can be expressed, respectively, as
Should i become zero, i.e., ϭ s , boundary conditions ͑12͒ and ͑13͒ will be reduced to the partial absorption boundary con- dition given by Eqs. ͑7͒ and ͑8͒, respectively. The boundary conditions ͑12͒ and ͑13͒ can also be reduced to the radiation boundary conditions ͑10͒ and ͑11͒ by setting ␣ϭ1.
It is noted that the radiation boundary conditions of Eqs. ͑8͒, ͑11͒, and ͑13͒ can be reduced to the special case of the general form as
where N (Nϭ0 in this study͒ represents the minimum degree of higher-order regularity (C N ) on the open boundary ͑Givoli and Keller 1994͒. We notice that our treatment possesses C 0 continuity everywhere when evaluating the corresponding integrals. In principle, one is able to apply a higher-order RBC along ‫ץ‬A by using the appropriate C N element. In fact, the present work is 
Finite-Element Model
The boundary value problem described above is solved using a finite-element method. Using a weighted residual method and the divergence theorem, the elliptic type mild-slope equation of Eq. ͑1͒ can be written into the weighted residual equation as
where i ϭweighting function. In this study, Galerkin finiteelement method is employed. Eq. ͑15͒ contains the domain integral in ⍀ and the boundary integral on ‫ץ‬A. Because of the second-order partial differential terms in Eqs. ͑8͒, ͑11͒, and ͑13͒, a quadratic shape function is required to describe the free-surface displacement in each element. Six-point triangular elements are used to discretize the computational domain. In the numerical formulation, the physical variables q (qϭ, and CC g , etc.͒ is expressed as
Substituting Eqs. ͑16͒-͑15͒, after some algebraic manipulations, we finally obtain a system of simultaneous dispersed weighted residual equations for free-surface displacement
where F i ϭF 1 ϩF 2 ϩF 3 , and 
in which i ϭincident wave angle; Јϭangle between n axis of local coordinate and x axis of the fixed Cartesian coordinate. The matrices resulting from the last term of Eq. ͑18͒ apparently destroy the symmetry of the finite-element matrix equations. However, the problem of asymmetric matrices in numerical scheme can be approximately ignored by the recent computational capacity.
Each of the integrals in Eqs. ͑18͒-͑21͒ can be calculated as the sum of contributions furnished by each element in numerical meshes. The numerical meshes in this study are constituted by triangular elements ⍀ e (x,y) with the quadratic function i e . For convenience, an invertible transformation between an arbitrary triangular element ⍀ e (x,y) and a master element ⍀ (,) of simple shape is introduced in the model. The development of shape functions for a six-point quadratic triangle in natural coordinates referred to a master element is a standard FEM technology which can be found in the Becker et al. ͑1981͒ literature.
Results and Discussion
To verify the applicability and validity of the new approach, the present finite-element wave model is applied to two test cases. The first is a simulation of wave scattering around a vertical cylinder surrounded by a sea of constant depth. The second one is for waves propagating over a submerged circular shoal. A fixed computational domain is used with variable wave incidences for numerical computations. Since water depths outside the shoal or surrounding the cylinder are constant, changes of wave incidences with respect to the computational domain must not affect wave field. Comparisons using the first-order and second-order radiation boundary conditions are then discussed in details. All tests are conducted for nonbreaking waves. 
Wave Scattering around a Vertical Cylinder
A vertical cylinder set in constant depth that causes radial scattering is simulated to make a comparison of different approximations of the radiation boundary condition. There was an analytical solution to the problem of waves diffracted around a vertical cylinder in water of constant depth ͑MacCamy and Fuchs 1954͒. Analytical solutions are symmetrical to wave propagating direction regardless of computational domains. The solution is used as the first test case, where the incident wave height H 0 is 0.053 m, diameter of cylinder D is 1.0 m, and water depth h is 0.35 m. A fixed square computational domain rather than a conventionally circular one is chosen for severe tests by changing wave incident angles. The first-order and second-order radiation boundary conditions, respectively, are implemented in the FEM wave model. The radiation boundary condition is applied to boundary where waves are incoming and the absorbing boundary conditions are applied to boundaries where waves are outgoing. The circumference of the cylinder is set to the full reflection boundary condition.
The range of the computational domain is tested first in this study. The distance in the x direction between the vertical cylinder and the artificial boundary is defined as S h . The wave height pattern will approach to a constant value as the distance S h reaches a sufficiently large value. An averaged relative error E m is used to determine the range of the computational domain and defined as
where Ĥ ϭwave height calculated from analytic solution; and H ϭvalue calculated from the numerical model. Three kinds of wave conditions, khϭ/10 ͑shallow water wave͒, /2 ͑interme-diate water wave͒, and ͑deep water wave͒, are chosen to calculate the averaged relative error E m versus the relative axial distance S h /h. The calculated results of the three cases are showed in Figs. 3, 4, and 5, respectively. For S h /hу4, the values of E m are small than 6% for all calculated wave cases. A reasonable minimum off-scatter distance S h /hϭ4 is thus used in the following computational cases. Three obliquely incident wave angles, 0°, 30°, and 80°, are used as the input wave conditions in the study, where the wave period T is 1.0 s (khϭ0.49). It should be noted that the case of 90°wave incidence is equivalent to the case of 0°wave incidence as far as fixed square computational domain is concerned. The computed wave height patterns are shown in Figs. 6, 7, and 8. Fig. 6 gives the computed wave height patterns around a circular cylinder for incident waves in negative x-axis direction and perpendicular to the lower bottom open boundary. The results show that the wave height pattern based on the second-order radiation boundary condition ͓Fig. 6͑c͔͒ becomes identical to that of the analytical solution ͓Fig. 6͑a͔͒. The results given by the firstorder boundary condition are different apparently near the artificial boundaries. Due to the axisymmetry of the vertical cylinder in constant water depths, predictions of the wave-scattering pattern around the cylinder should be independent of the incident wave angle. Figs. 7 and 8 for the wave pattern computed from incident angle of 30°and 80°with respect to the x-axis, respectively. The results using the second-order radiation boundary condition appear symmetric to propagating direction of incident waves ͓Figs. 7͑b͒ and 8͑b͔͒. However, the patterns for the firstorder radiation boundary condition, as in Figs. 7͑a͒ and 8͑a͒ are asymmetric near the lower bottom open boundaries. From Fig.  8͑a͒ , the first-order radiation boundary condition seems to produce a more reasonable wave pattern than the case of 30°. This is because that wave incidence of 80°from the x-axis is equivalent to wave incidence of Ϫ10°from the y-axis. The numerical inconsistency revealed in Figs. 7͑a͒, and 8͑a͒ is due to the firstorder radiation boundary condition, which assumes the scattering waves perpendicularly propagate across open boundaries. The second-order radiation boundary condition is thus demonstrated to allow waves to obliquely propagate through open boundaries.
Comparisons of the relative error of calculated wave height in the axial direction across the cylinder and analytic results for different incident angles are presented in Figs. 9, 10, and 11, respectively, where ͉HϪĤ ͉/H 0 is the error of relative wave height. It is shown that numerical results based on first-order radiation boundary condition are quite different from the theory. With a fixed computational domain, the larger incident wave angle the bigger the difference between the theory and that of the first-order approximation to open boundary conditions. For the second-order radiation boundary condition, the calculated wave heights are in good agreement with the analytical solutions.
Waves Propagating over a Submerged Circular Shoal
Waves propagating over a submerged circular shoal resting on a flat bottom are simulated using the first-order and the secondorder radiation boundary conditions, respectively. This experiment was first carried out by Ito and Tanimoto ͑1972͒. Geometry of the shoal is given in Fig. 12 
where rϭͱ(xϪx m ) 2 ϩ(yϪy m ) 2 ; (x m /L, y m /L)ϭ(5,3)ϭcenter of the circular shoal; h 0 ϭ0.15 mϭconstant depth outside the shoal; h m ϭ0.05 mϭwater depth at the crest of the shoal; and R ϭ0.8 mϭradius of the shoal. The incident wave height, wave period, and wavelength are H 0 ϭ0.0208 m, period Tϭ0.511 s, and wavelength Lϭ0.4 m, respectively. For numerical computations to verify present second-order radiation boundary condition, incident wave angles ranging from 0°to 80°are used. A fixed rectangular computational domain, in which the x-and y-coordinates are in the range of Ϫ7.5рx/Lр 8.75 and Ϫ5.125рy/Lр11.125, respectively, is chosen for severe tests by changing wave incident angles. The absorbing boundary conditions are used on the lower bottom open boundary, and the radiation boundary conditions are use on the upward and lateral ones. Solutions of wave field must be also symmetrical to wave propagation direction.
Comparisons between the calculated wave heights and the experimental results for normal incidence are presented in Figs. 13, 14, and 15, respectively. It is shown that both numerical results using first-and second-order radiation boundary conditions, respectively, agree very well with the experiment results. Furthermore, wave height patterns in a fixed computational rectangle for i ϭ0°, 30°, 45°, and 80°calculated by first-and second-order radiation boundary conditions are shown in Figs. 16, 17, 18, and 19, respectively. Owing to the axisymmertic nature of the submerged circular shoal, predictions of the wave-focusing pattern behind the shoal should be independent of the incident wave angle. Although both the first-and second-order radiation boundary conditions reproduce the axisymmetric wave height contours for 0°wave incidence, as in Figs. 16͑a and b͒, respectively, the first-order radiation boundary condition displays unnecessary wave reflection near the lateral open boundaries, while the second-order one does not. Similar trend of lateral reflections for i ϭ30°, i ϭ45°, and i ϭ80°, respectively resulting from the first-order radiation boundary condition approximations are, respectively, shown in Figs. 17͑a͒, 18͑a͒ , and 19͑a͒. It is worth noting that wave patterns due to the first-order radiation boundary condition are distorted, even though it predicts a favorable focusing wave pattern. The distortion of wave height patterns increases with increasing incident wave angle for the first-order radiation boundary condition approximation. From Figs. 16 to 19 , it indicates that the wave patterns based on the second-order radiation boundary condition really allow wave transmitting so as to reduce wave reflection from the lateral and artificial boundaries back into the limited computational domain.
Conclusions
A FEM model is proposed for water wave propagation under combined refraction, diffraction, and reflection incorporating large wave incidence. The governing mild-slope equation is of elliptic type, subject to a second-order radiation boundary condition for arbitrarily chosen open boundaries to improve performance of strong wave obliquity in numerical calculations. A quadratic shape function is used to represent the physical variable in model development. In this paper, the present results using the first-and second-order radiation boundary conditions are verified in two typical tests: wave propagation around a vertical cylinder and wave passing over a submerged circular shoal. It is found that the second-order approximation for the radiation boundary condition improves the FEM performance, as well as extends ranges of incident angles of waves at arbitrarily chosen open boundaries.
